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Clusters. Programa
i�on en ClustersAlgebra Lineal en Paralelo sobre ClustersUNLP - 20071. Men
ionar los tres problemas m�as importantes que resolvi�o utilizando 
omputadoras.2. Identi�
ar el 
ontexto en el 
ual resolvi�o 
ada problema (produ

i�on, proye
to deinvestiga
i�on, proye
to de 
�atedra, inter�es personal).3. Indique qu�e aprendi�o de 
ada uno de los problemas.4. Enumere los pasos que sigui�o para resolver 
ada problema.5. Indique si est�a en un proye
to de investiga
i�on a
tualmente e indi
ar 
u�ales son losobjetivos a 
orto, mediano y largo plazo desde su punto de vista (en 
aso de estar en unproye
to).Nombre:Cargo-Posi
i�on:Universidad:
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1 Introdu
tionPrograma del Curso publi
adoTemas del CursoIntrodu

i�on.Algebra lineal: 
ara
ter��sti
as, apli
a
iones, problemas 
l�asi
os.Evalua
i�on de rendimiento se
uen
ial y paralelo.Clusters: arquite
tura de pro
esamiento paralelo.Presenta
i�on y an�alisis de bibliote
as de software disponibles.An�alisis de los problemas y solu
iones posibles para el balan
e de 
arga.Ejemplo de modeliza
i�on: desde un problema hasta un modelo a paralelizar.An�alisis de posibles trabajos.Levantando el nivel de abstra

i�on:Soporte de sistemas operativosBibliote
as en generalAbstra

iones inter
lusterInternet 
omputingGrid 
omputing...S
hedule Original CurrentLe
tures Every Monday Every Day, 1 WeekPra
ti
e Written homeworks. Individual. Some Little Work. Individual.Every Moday. Con
lusions. Every Day?Grading Proje
t. Individual. Proje
t. Individual.Obje
tives:� Linear algebra.� Parallel 
omputing on 
lusters.� Parallel algorithms analysis (on 
lusters).� Heterogeneity and workload balan
e.� Some pra
ti
e with MPI.Assumptions (should be):� Minimum algebra.� Parallel 
omputing.� Parallel algorithms analysis. 3



Too many problems...Produ
tion Software:
Applications

Architectures

Algorithms

Numerical Methods

Clusters

ScientificAlgorithmi
 View:
N

um
erical Problem

s Linear Algebra

     LAPACK

        BLAS

           L3
        BLAS

Matrix  
MultiplicationGetting Produ
tion Code:

Problem Mathematical
     Model

Algorithm
+

Architecture

ImplementationHowever, Getting Produ
tion Code (2):
Problem

Mathematical
     Model

Algorithm Implementation

Architecture 4



Many algorithms proposed and used with strong emphasis on� Mathemati
al models to real problems.� Numeri
al stability, error analysis.� Performan
e. Well, it is not possible to avoid this...� Parallel approa
hes... (un)fortunately.From a Call for Papers\The use of super
omputing te
hnology, parallel and distributed pro
essing, and so-phisti
ated algorithms is of major importan
e for 
omputational s
ientists. Yet, the s
i-entists' goals are to solve the 
hallenging problems, not the software engineering tasksasso
iated with it. For that reason, 
omputational s
ien
e and engineering must be ableto rely on dedi
ated support from program development and analysis tools. Fo
using onthis ba
kground, the following question must be investigated:How to support users of 
omputational s
ien
e and engineering during program de-velopment and analysis?"From the Basi
 parallel 
luster 
omputing ideas:� Parallel algorithms are not initially proposed for 
lusters.� Clusters have strong di�eren
es with parallel 
omputers (?).� Algorithms should be analyzed in the 
ontext of parallel 
luster 
omputing.1.1 Current Computing HardwareJust another 
lassi�
ation:
Ad Hoc

Commercial

 CLUMPS

     SMP

Homogeneous Cluster

     LAN

Supercomputers
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1.2 Utiliza
i�on de ClustersDos (>Tres?) Grandes Areas:� High Throughput >Paralelo?� High Performan
e Appli
ations� >Desarrollo?� Server Farms >Paralelo?1.- High Throughput:� Resour
e Management and S
heduling (RMS)� Motiva
i�on: CPUs disponibles (M. Livny)� Requerimientos{ Computadoras en red - Institu
iones{ Identi�
a
i�on de 
arga de trabajo{ Me
anismo de eje
u
i�on remota{ Me
anismo de monitoriza
i�on{ Mantenimiento de 
olas de trabajos (bat
h){ Me
anismo de 
an
ela
i�on o migra
i�on1.1 High Throughput - Fun
ionamiento (CONDOR):� Manejador de 
olas + utiliza
i�on de 
i
los libres� Red lo
al monitoreada (pro
esamiento)� Identi�
a
i�on de 
arga (libre o 
on usuario)� Disparo de pro
esos en 
omputadoras libres� Migra
i�on de pro
esos a 
omputadoras libres� A

eso a ar
hivos remotos abiertos� Apli
a
iones \linkeadas" y \no linkeadas"� Manejador de 
olas
6



1.2 High Throughput - >Paralelo?� Para el que lo ha
e s�� lo es� Los trabajos que 
orren no ne
esariamente...� >Gang-Cos
heduling?� Manejadores de 
olas =) CPU intensivos� Carga en la red... \su
ess stories"2.- High Performan
e:� Motiva
i�on{ Tienen todo: CPUs y 
omuni
a
i�on entre ellas{ Costo/rendimiento (
osto por M
op/s)� Pasaje de mensajes disponible{ So
kets{ PVM, MPI (ambos portables)� Mu
has apli
a
iones ya he
has{ Estabilidad (su
ess stories){ Reusabilidad{ Diferentes 
lases-�areas2.1 High Performan
e - Problemas:� No todos los problemas resueltos� No todos los algoritmos son \usables"� No se 
ono
e el grado de granularidad (muy gruesa)� A�un no hay estabilidad en desarrollo� A�un no hay estabilidad en debugging� A�un no hay mu
ha estabilidad en terminolog��a� A�un no hay mu
has 
osas estables, s�� hay \su

ess stories"
7



3.- Desarrollo:� A�un en las universidades� \Ejemplo Clementina"� Clusters de Produ

i�on y de Desarrollo� Impli
a{ \No" es
ribir{ Debugging{ Evalua
i�on de rendimiento{ Monitoriza
i�on-Sintoniza
i�on� Trabajos
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2 Linear AlgebraReasons:� Appli
ations and users� Ba
kground =) starting point� Parallel: pro
essing requirementsGeneral 
hara
teristi
s:� Matrix pro
essing. Matrix Computations, Golub G., C. Van Loan, 2nd Edition,The John Hopkins University Press, 1989.� Ba
kground =) starting point� (Huge) pro
essing requirements =) parallel approa
hesClassi
al Problems:� Matrix Multipli
ation: simple, ben
hmark, the best� LU Matrix Fa
torization: relatively 
omplex, the ben
hmark, the problem (appli-
ations)Matrix Multipli
ation. GivenA 2 IRm�k; aij; 1 � i � m; 1 � j � kand B 2 IRk�n; bij; 1 � i � k; 1 � j � nmatrix C = A�B; C 2 IRm�n; 
ij; 1 � i � m; 1 � j � nis obtained by 
ij = kXr=1 aikbkjLU Matrix Fa
torization. Given A 2 IRn�n, �nd out two matri
es, L and U su
h that� L 2 IRn�n is a lower triangular, unit diagonal matrix.� U 2 IRn�n is an upper triangular matrix.� A = L � U . 9



3 A Few Comments on Performan
eEvalua
i�on de rendimiento: una vez que no hay errores...>C�omo fun
iona?>Podr��a ser m�as r�apido?>Por qu�e es importante?>C�omo evaluar��an el rendimiento? (no hay nada aqu�� a prop�osito, >eh?)M�as espe
���
amente:>C�omo evaluar��an el rendimiento se
uen
ial?>C�omo evaluar��an el rendimiento paralelo?
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4 Parallel Ar
hite
turesClasi�
a
i�on de Flynn: SISD - MISD - SIMD - MIMD� >Pipeline? >Superes
alares? >Arquite
turas Harvard?� >Por qu�e se 
onsidera que MIMD es la m�as general? Apli
able a una amplia gamade problemas (al menos m�as amplia) que las dem�as arquite
turas� >Por qu�e se 
onsidera que MIMD es la m�as es
alable? Es
alabilidad: 
apa
idad deaumentar la 
antidad de re
ursos para resolver problemas mayores (en datos y/o enpro
esamiento) \M�as es
alable": no ne
esita sin
ronismo al nivel de 
lo
kDos 
lases de MIMD� Memoria 
ompartida (multipro
esadores)
P

P

Memoria
Compartida{ M�aquina �uni
a-mu
hos pro
esadores{ Una �uni
a visi�on de la memoria (mapa de memoria)� Memoria distribuida (multi
omputadoras)

P

M

P

M

P

M

P

M

Red
de

Interco
nex ión{ DMPC: lo mismo{ Multi
omputadora: mu
has 
omputadoras{ Losely 
oupled: independen
ia, asin
ronismo{ Pasaje de mensajes: CSP

11



MIMD - Multipro
esadores1. Con toda la memoria 
ompartida y en un solo bloque� Ventajas: Sin
roniza
i�on por a

eso a memoria, Comuni
a
i�on de pro
esos pora

eso a memoria, "Historia" de la 
on
urren
ia: (Con
. - par.).� Desventajas: t de a

eso a memoria (ya es un problema 
on 1 pro
esador),A

esos simult�aneos a memoria: Memoria en ban
os, buses.� Tiempo de a

eso a memoria: tmem + t
ol(fre
;#pro
).2. Agregando Ca
he a los pro
esadores� Redu
ir los requerimientos de a

eso a memoria: fre
uen
ia de a

esos a lamemoria 
ompartida.� Problema: Falta de 
oheren
ia de memorias 
a
he =) Hardware (tiempo ytransparen
ia): proto
olos de 
oheren
ia de 
a
he (snoop o aviso).� Tiempo de a

eso: t
a
he + tmem + t
ol(fre
(
a
he);#pro
).� SMP: 
aso parti
ular, �enfasis en el a

eso a todos los re
ursos.3. Agregando memoria lo
al independiente de memoria 
ompartida (\lo
al data")� Ventaja: independen
ia de a

esos a la memoria lo
al.� Desventajas: Hardware-\dis
rimina
i�on" de a

esos a memoria.� Tiempo de a

eso: t
a
he + tmeml + tmem + t
ol(fre
(
a
he;ml);#pro
).4. Memoria 
ompartida f��si
amente distribuida� SGI Origin.� La visi�on de la memoria sigue siendo �uni
a.� Sigue habiendo problemas 
on 
oheren
ia de 
a
hes.� Tiempo de a

eso: t
a
he + tmeml + tmemr + t
ol(fre
(ml;mr);#pro
).Las �ultimas dos son NUMA por 
onstru

i�on, por su misma arquite
tura.
12



MIMD - Multi
omputadoras� La red de inter
onexi�on 
omuni
a 
omputadoras o pro
esadores, no memoria.� La 
omuni
a
i�on entre pro
esadores: I/O, y de he
ho no es a

eso a memoria.� Los bloques de P/M son \
onven
ionales", las mayores varia
iones se dan en:{ Canales o links: hardware (a ve
es en el pro
esador) para inter
onexi�on.� Ej1: transputers: dise~nados expl��
itamente 
on 
anales.� Ej2: DSP (Digital Signal Pro
essors): 
on varios ports de I/O y 
analesde DMA m�as la do
umenta
i�on ne
esaria para utilizarlos.{ Redes de inter
onexi�on de pro
esadores (entre los pro
esadores)� Est�ati
as: inter
onexiones �jas entre pro
esadores, ve
indario.� Din�ami
as: Conexiones pto. a pto. pueden variar en el tiempo.� Caso muy parti
ular de MIMD losely 
oupled: 
lusters{ Algo m�as o menos nuevo.{ Esta
iones de trabajo y/o PCs 
one
tadas a una red est�andar.4.1 Clusters 
omo Computadoras ParalelasCara
teriza
i�on y terminolog��a: \High Performan
e Cluster Computing (Ar
hite
ture,Systems, and Appli
ations)", ISCA-2000, The 27th Annual International Symposiumon Computer Ar
hite
ture, June 10-14, 2000, Van
ouver, British Columbia, Canada,Sponsored by ACM SIGARCH, IEEE Computer So
iety TCCA.Capas - Visiones
Workstation

Comm. Soft. (OS)

Comm. Hard. (OS)

Red de Interconex ión

Middleware − SSI

Workstation

Comm. Soft. (OS)

Comm. Hard. (OS)

RMS

Aplicaciones 
Paralelas

Aplicaciones 
Secuenciales

Workstation

Comm. Soft. (OS)

Comm. Hard. (OS)

Red de Interconex ión

MPI − PV M

Workstation

Comm. Soft. (OS)

Comm. Hard. (OS)

Aplicaciones 
Paralelas
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Cara
ter��sti
as de Rendimiento� Los 
lusters no na
en 
omo m�aquinas paralelas.� Las CPUs suelen ser \High Performan
e".� Desfasaje entre C�omputo y Comuni
a
i�on.� LAN, WAN, MAN, SAN, diferentes objetivos.� Gran �enfasis a
tual en redes \ad ho
" (
osto).� Algoritmos: �areas nuevas, \trasladados".� Cara
teriza
i�on de rendimiento a
eptable...� Cada 
apa agrega su overhead.� Algunas 
apas no se pensaron para pro
esamiento paralelo.� Algunas 
apas para pro
esamiento paralelo tienen m�as overhead del a
eptable.� Las 
apas dan una visi�on, no rendimiento.� Overhead =) Aumentar Granularidad.� Heterogeneidad =) Apli
a
iones \aware".4.2 Clusters Parallel Performan
eClusters hardware: 
omputers (PCs and/or workstations) and inter
onne
tion network.Inter
onne
tion network: LAN, Ethernet.
Hubs: failures

14



Swit
hes: performan
e
Clusters as parallel 
omputers:� Computing Nodes Performan
e{ Sequential: very good{ Relative: homogeneous and heterogeneous.� Inter
onne
tion Network Performan
e{ Ethernet: startup and bandwidth{ Standard Ethernet: bus based (CSMA/CD){ Swit
hed Ethernet: swit
hing does not redu
e startup.� Parallel Programming Model{ Shared Memory{ Message Passing� Parallel Pro
essing Model{ SPMD{ Other/s4.2.1 Computing Nodes Performan
eHomogeneous nodes =) no new problems.Heterogeneous nodes =) two added tasks:� Spe
i�
 performan
e measures� Pro
essing workload balan
eSpe
i�
 Performan
e Measures1) Spe
i�
 programs: the same kind of pro
essing but s
aled to one pro
essor/node.This does not mean the parallel program with only one task.2) General ben
hmarks: generalization =) ?15



Linear algebra: given P 
omputers, 
ompi, 0 � i � P � 1, Mflop=s(
ompi), relative
omputing power, rp(
ompi),rp(
ompi) = rpi = Mflop=s(
ompi)maxj=0:::P�1(Mflop=s(
ompj ))Normalized 
omputing power, np(
ompi)np(
ompi) = npi = Mflop=s(
ompi)PP�1j=0 (Mflop=s(
ompj ))where 0 < npi < 1P�1Xi=0 (npi) = 1Pro
essing Workload Balan
eThere are many ways: \automati
", dynami
 and stati
 pro
essing workload balan
e.Master-slave 
ould be 
onsidered automati
 pro
essing workload balan
e. Dynami
 pro-
essing workload balan
e is relatively justi�ed on \unknown" data-dependent systems.Stati
 pro
essing workload balan
e is strongly \suggested" for linear algebra operationsand methods.Note the relationship among: number of 
oating points operations and npi as de�nedabove. Some questions:� And blo
k pro
essing? (remember 
op 
ount is from sequential and mathemati
allyde�ned operation or method).� What about iterative methods (used on general sparse linear systems)? These meth-ods end when 
omputed solution is 
lose enough to the real solution (
onvergen
e).4.2.2 Inter
onne
tion Network Performan
eStandard parameters/indexes: Laten
y (or startup) and Bandwidth (or data rate). Mod-eling message time: t(n) = �+ �nwhere n is the number of data items, � is the laten
y, and � is bndw�1 where bndw is thedata bandwidth. Usually, laten
y and bandwidth are found experimentally.If laten
y is not taken into a

ount, � is the total 
ost (in time) per data item (andfor short messages � is distributed on the data items), i.e.t(n) = �nwhi
h is almost true when n is large enough (�� �n).Laten
yA

ording to literature, on 100 Mb/s Ethernet the measured laten
y is about 0,5 ms.On 
omputers with 1 G
op/s (109 
oating point operations per se
ond) this meansflxlat = 109 � 5 � 10�4 = 5� 105 = 50000016



i.e. waiting for any message 
ompletion implies a time equivalent to 500000 
oating pointoperations. The main problem: laten
y is almost 
onstant and 
omputer performan
e isenhan
ed ea
h year (Moore's Law).BandwidthBandwidth is given in number of data items per se
ond, e.g. 100 Mb/s (100 x 106bits per se
ond). The time taken to transmit a single data item is easily 
al
ulated as �.Even when � is assumed to be the 
ost per data item, for small enough messages (n), the
ost per data item is, in fa
t, �n + �be
ause t(n) = n��n + ��and limn!1��n + �� = �Sometimes it is useful to know the message length for whi
h half the data bandwidth isobtained (n1=2).Laten
y-Bandwidth LawGiven an inter
onne
tion network, adding hardware (NIC: Network Interfa
e Card)impliesmultiplying bandwidth, but laten
y is 
onstant (in the best 
ase) or worse (drivers-routers 
omplexity).Ethernet Hardware-CablingPerforman
e in bus based 
abling (old 
oaxial 
able and hubs) is strongly in
uen
ed bythe CSMA/CD (Carrier Sense-Multiple A

ess/Collision Dete
t) proto
ol. Simultaneous
ommuni
ations are 
arried out sequentially: random order and penalized performan
e.Swit
hed Ethernet: just adding Ethernet swit
hes. Swit
hed Ethernet works most ofthe time as a standard dynami
 inter
onne
tion network. Some issues:� Performan
e: multiple point-to-point operations without restri
tions: pairs of 
om-puters, performan
e, and time (
ollisions are not avoided and are solved as in thestandard Ethernet).� Cost (by 2003-2004). 8 
omputers: as a hub. 9 to 24 
omputers: as three hubs.More than 24: depends... Hint: swit
hing 
ost grows more than linear.� Cas
ades: diÆ
ult to model performan
e.
17



5 LAPACKFrom LAPACK Homepage http://www.netlib.org/lapa
k/\LAPACK is written in Fortran77 and provides routines for solving systems of si-multaneous linear equations, least-squares solutions of linear systems of equations, eigen-value problems, and singular value problems. The asso
iated matrix fa
torizations (LU,Cholesky, QR, SVD, S
hur, generalized S
hur) are also provided, as are related 
ompu-tations su
h as reordering of the S
hur fa
torizations and estimating 
ondition numbers.Dense and banded matri
es are handled, but not general sparse matri
es. In all areas,similar fun
tionality is provided for real and 
omplex matri
es, in both single and doublepre
ision."\The original goal of the LAPACK proje
t was to make the widely used EISPACKand LINPACK libraries run eÆ
iently on shared-memory ve
tor and parallel pro
essors."\LAPACK routines are written so that as mu
h as possible of the 
omputation isperformed by 
alls to the Basi
 Linear Algebra Subprograms (BLAS). While LINPACKand EISPACK are based on the ve
tor operations kernels of the Level 1 BLAS, LAPACKwas designed at the outset to exploit the L3 BLAS"A
knowledgements: ... NSF Grant ... DOE Grant ...
LAPACK

LINPACK

EISPACK

BLAS

Problems

Appl ications

Implementation

Optimization

L1  L2  L3From LINPACK Homepage http://www.netlib.org/linpa
k/\LINPACK is a 
olle
tion of Fortran subroutines that analyze and solve linear equa-tions and linear least-squares problems. The pa
kage solves linear systems whose ma-tri
es are general, banded, symmetri
 inde�nite, symmetri
 positive de�nite, triangular,and tridiagonal square. In addition, the pa
kage 
omputes the QR and singular valuede
ompositions of re
tangular matri
es and applies them to least-squares problems."From EISPACK Homepage http://www.netlib.org/eispa
k/\EISPACK is a 
olle
tion of Fortran subroutines that 
ompute the eigenvalues andeigenve
tors of nine 
lasses of matri
es: 
omplex general, 
omplex Hermitian, real general,real symmetri
, real symmetri
 banded, real symmetri
 tridiagonal, spe
ial real tridiago-nal, generalized real, and generalized real symmetri
mati
es. In addition, two routines arein
luded that use singular value de
omposition to solve 
ertain least-squares problems."Finally, there are a lot of fun
tions (well, subroutines...), ea
h one with a lot of parameters.Classi�
ations (from LAPACK do
umentation):� driver routines, ea
h of whi
h solves a 
omplete problem, for example solving asystem of linear equations, or 
omputing the eigenvalues of a real symmetri
matrix.Users are re
ommended to use a driver routine if there is one that meets theirrequirements. 18



� 
omputational routines, ea
h of whi
h performs a distin
t 
omputational task, forexample an LU fa
torization, or the redu
tion of a real symmetri
 matrix to tridi-agonal form. Ea
h driver routine 
alls a sequen
e of 
omputational routines. Users(espe
ially software developers) may need to 
all 
omputational routines dire
tly toperform tasks, or sequen
es of tasks, that 
annot 
onveniently be performed by thedriver routines.� Auxiliary routines, whi
h in turn 
an be 
lassi�ed as follows:{ routines that perform subtasks of blo
k algorithms { in parti
ular, routinesthat implement unblo
ked versions of the algorithms;{ routines that perform some 
ommonly required low-level 
omputations, for ex-ample s
aling a matrix, 
omputing a matrix-norm, or generating an elementaryHouseholder matrix; some of these may be of interest to numeri
al analysts orsoftware developers and 
ould be 
onsidered for future additions to the BLAS;{ a few extensions to the BLAS, su
h as routines for applying 
omplex planerotations, or matrix-ve
tor operations involving 
omplex symmetri
 matri
es(the BLAS themselves are not part of LAPACK).i.e. (approx.)
LAPACK Routines

Driver

Computational

Auxi l iary

Linear Systems

Least Squares

Eigens

Problem Oriented

Factorizations

Block−Subtasks

Low−LevelWhat are the \important" routines? Well, it depends...� \...the s
ientists' goals are to solve the 
hallenging problems..." ) Driver.� Performan
e) Computational. Our work! (?).19



Summarizing LAPACK sour
es and do
umentation
LAPACK Documentation − Sources

Homepage wi th software LAPACK User’s Guide

Hardcopy Book HTML BookAnd \lawns" (LAPACK Working Note/s) and A LOT of papers.
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6 BLASFrom LAPACK Homepage http://www.netlib.org/lapa
k/\LAPACK routines are written so that as mu
h as possible of the 
omputation isperformed by 
alls to the Basi
 Linear Algebra Subprograms (BLAS). While LINPACKand EISPACK are based on the ve
tor operations kernels of the Level 1 BLAS, LAPACKwas designed at the outset to exploit the L3 BLAS { a set of spe
i�
ations for FORTRANsubprograms that do various types of matrix multipli
ation and the solution of triangularsystems with multiple right-hand sides"Finally, almost everything is written in terms of the BLAS and most of the whole perfor-man
e depends on the L3 BLAS performan
e.From BLAS Homepage http://www.netlib.org/blas/\This material is based upon work supported by the National S
ien
e Foundationunder Grant No. ASC-9313958 and DOE Grant No. DE-FG03-94ER25219. Any opinions,�ndings and 
on
lusions or re
ommendations expressed in this material are those of theauthor(s) and do not ne
essarily re
e
t the views of the National S
ien
e Foundation(NSF) or the Department of Energy (DOE)."So??? ok, information is on its FAQ:1.1) What are the BLAS?1.2) Publi
ations/referen
es for the BLAS?1.3) Is there a Qui
k Referen
e Guide to the BLAS available?1.4) Are optimized BLAS libraries available?1.5) What is ATLAS?1.6) Where 
an I �nd vendor supplied BLAS?1.7) Where 
an I �nd the Intel BLAS for Linux?1.8) Where 
an I �nd Java BLAS?1.9) Is there a C interfa
e to the BLAS?1.10) Are prebuilt Fortran77 ref implementation BLAS libraries available from Netlib?What kind of operations are in
luded? Every operation is in
luded in one \Level", asdes
ribed in the next se
tion.6.1 BLAS LevelsSubroutines in
luded in BLAS are 
lassi�ed a

ording to its requirements of memory and
oating point operations. Assuming� � and � are s
alars.� x and y are n-elements ve
tors.� A, B, and C are square matri
es with n� n elements.The BLAS are divided in three levels:� Level 1 or L1 BLAS: routines making operations among ve
tors, thus with a

ess toO(n) data and number of 
oating point operations also O(n), su
h as y = �x + y.21



� Level 2 or L2 BLAS: routines making operations among ve
tors and matri
es, thuswith a

ess to O(n2) data and number of 
oating point operations also O(n2), su
has y = �Ax+ �y.� Level 3 or L3 BLAS: routines making operations among matri
es, thus with a

ess toO(n2) data and number of 
oating point operations O(n3), su
h as C = �AB+�C.Summaryzing:
BLAS

Level  1

Level  2

Level  3

O(n) data

O(n) f lops

O(n2) data

O(n2) f lops

O(n2) data

O(n3) f lopswhere 
ops: \number of 
oating point operations". Note that� L1 and L2: 1 
op per a

ess.� L3: n 
ops per a

ess. !And this is why\Finally, almost everything is written in terms of the BLAS and most of the wholeperforman
e depends on the L3 BLAS performan
e."6.2 Level 3 BLASGiven that \...most of the whole performan
e depends on the L3 BLAS performan
e" itis worth analyzing L3 BLAS in deeper detail. The subroutines de�ned in this level are:1) \General" Matrix Multipli
ation, or matrix multipli
ation with \general" matri
es( GEMM) C  � Op(A) Op(B) + � Cwhere A, B, and C are matri
es, � and � are s
alars, and Op(X) may be X, XT or XH .2) Matrix multipli
ation involving a symmetri
 or Hermitian matrix ( SYMM or HEMM)C  �AB + �C or C  �BA+ �Cwhere matrix A is symmetri
 ( SYMM) or Hermitian ( HEMM) and is multiplied at leftor right of matrix B depending upon a parameter.22



3) Matrix multipli
ation involving a triangular matrix ( TRMM)B  �Op(A)B or B  �BOp(A)where matrix A is triangular, Op(X) may be X, XT or XH , and Op(A) is multiplied atleft or right of matrix B depending upon a parameter.4) Rank-k update of a symmetri
 or Hermitian matrix ( SYRK or HERK)C  �AOp(A) + �C or C  �Op(A)A + �Cwhere matrix A is symmetri
 ( SYRK) or Hermitian ( HERK), if A is symmetri
 thenOp(A) = AT and Op(A) = AH otherwise, and A is multiplied at left or right of matrix Bdepending upon a parameter.5) Rank-2k update of a symmetri
 or Hermitian matrix ( SYR2K or HER2K)C  �AOp(B) + �BOp(A) + �C or C  �Op(A)B + �Op(B)A+ �Cwhereif matrix C is symmetri
 ( SYR2K) then Op(X) = XT and � 2 IR, thus � = �,if matrix C is Hermitian ( HER2K) then Op(X) = XH ,and A is multiplied at left or right of matrix B depending upon a parameter.6) Solution of triangular systems of equations with multiple right-hand sides ( TRSM)B  �Op(A)B or B  �BOp(A)where matrix A is lower or upper triangular (eventually with unit diagonal), Op(A) maybe A�1, A�T or A�H, and Op(A) is multiplied at left or right of matrix B depending upona parameter.6.3 Wait, Wait, What about Matrix Multipli
ation?Good question, be
ause

N
um

erical Problem
s Linear Algebra

     LAPACK

        BLAS

           L3
        BLAS

Matrix  
MultiplicationWell, from GEMM to XXR2K -items 1) to 5) in the previous enumeration of L3 BLASdes
ription- subroutines are basi
ally matrix multipli
ations. How are related solutionsof triangular systems of equations to matrix multipli
ations?K�agstr�om B., P. Ling, C. Van Loan, \Portable High-Performan
e GEMM-based Level3 BLAS", R. F. Sin
ove
 et al., Editor, Parallel Pro
essing for S
ienti�
 Computing,Philadelphia, 1993, SIAM, pp. 339- 346. 23
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Thus, C1 = T11X1 (1)C2 = T21X1 + T22X2 (2)C3 = T31X1 + T32X2 + T33X3 (3)or T11X1 = C1T21X1 + T22X2 = C2T31X1 + T32X2 + T33X3 = C3And? Solving Eq.(1) X1 = T�111 C1 (4)It is possible to use X1 in Eq.(2) C2 � T21X1 = T22X2 (5)be
ause C2 � T21X1 is known given X1. Now, solving Eq.(5),X2 = T�122 (C2 � T21X1) (6)it is possible to use X1 and X2 in Eq.(3)C3 � T31X1 � T32X2 = T33X3 (7)whi
h is solved easily as X3 = T�133 (C3 � T31X1 � T32X2) (8)24



Otherwise, on
e X1 is obtained as shown in Eq.(4), it is possible to de�neC2 � T21X1 = T22X2 (9)C3 � T31X1 = T32X2 + T33X3 (10)whi
h is solved using the same pro
edure and, also, has two simultaneous matrix multi-pli
ations, i.e. C2 C2 � T21X1C3 C3 � T31X1Ups! It's just like the GEMM already de�ned...C  � Op(A) Op(B) + � CDo you see the relationship?...Note: expressions like T�111 C1 do not imply �nding out an inverse matrix expli
itly, butsolving a system of equations with multiple right-hand sides (only unknown values arene
essary, not the inverse matrix).6.4 Matrix Multipli
ation, L3 BLAS and Performan
eGiven that \...most of the whole performan
e depends on the L3 BLAS performan
e" andeverything in L3 BLAS may be GEMM-based, the BIG question is:Matrix multipli
ation performan
e is the whole performan
e to be obtained by theappli
ations?By the way: What about parallel performan
e? And parallel performan
e on 
lusters?

25



7 Examples from LAPACK and (L3) BLASFrom LAPACK man pages:SGETRF(l) ) SGETRF(l)NAME SGETRF - 
ompute an LU fa
torization of a general M-by-Nmatrix A using partial pivoting with row inter
hangesSYNOPSISSUBROUTINE SGETRF( M, N, A, LDA, IPIV, INFO )INTEGER INFO, LDA, M, NINTEGER IPIV( * )REAL A( LDA, * )PURPOSESGETRF 
omputes an LU fa
torization of a general M-by-Nmatrix A using partial pivoting with row inter
hanges.The fa
torization has the formA = P * L * Uwhere P is a permutation matrix, L is lower triangularwith unit diagonal elements (lower trapezoidal if m > n),and U is upper triangular (upper trapezoidal if m < n).This is the right-looking Level 3 BLAS version of thealgorithm.ARGUMENTSM (input) INTEGERThe number of rows of the matrix A. M >= 0.N (input) INTEGERThe number of 
olumns of the matrix A. N >= 0.A (input/output) REAL array, dimension (LDA,N)On entry, the M-by-N matrix to be fa
tored. Onexit, the fa
tors L and U from the fa
torization A= P*L*U; the unit diagonal elements of L are notstored.LDA (input) INTEGERThe leading dimension of the array A. LDA >=26



max(1,M).IPIV (output) INTEGER array, dimension (min(M,N))The pivot indi
es; for 1 <= i <= min(M,N), row iof the matrix was inter
hanged with row IPIV(i).INFO (output) INTEGER= 0: su

essful exit< 0: if INFO = -i, the i-th argument had an illegal value> 0: if INFO = i, U(i,i) is exa
tly zero. Thefa
torization has been 
ompleted, but the fa
tor Uis exa
tly singular, and division by zero willo

ur if it is used to solve a system of equations.LAPACK version 3.0 15 June 2000 SGETRF(l)Two details: LDA and REAL A( LDA, * ). Well... the third detail: name? From LAPACKonline do
umentation:Naming S
hemeThe name of ea
h LAPACK routine is a 
oded spe
i�
ation of its fun
tion (within thevery tight limits of standard Fortran 77 6-
hara
ter names).All driver and 
omputational routines have names of the form XYYZZZ, where for somedriver routines the 6th 
hara
ter is blank.The �rst letter, X, indi
ates the data type as follows:S REALD DOUBLE PRECISIONC COMPLEXZ COMPLEX*16 or DOUBLE COMPLEXWhen we wish to refer to a LAPACK routine generi
ally, regardless of data type, werepla
e the �rst letter by \x". Thus xGESV refers to any or all of the routines SGESV,CGESV, DGESV and ZGESV.The next two letters, YY, indi
ate the type of matrix (or of the most signi�
ant matrix).Most of these two-letter 
odes apply to both real and 
omplex matri
es; a few applyspe
i�
ally to one or the other, as indi
ated in Table 2.1.Table 2.1: Matrix types in the LAPACK naming s
hemeBD bidiagonalDI diagonalGB general bandGE general (i.e., unsymmetri
, in some 
ases re
tangular)GG general matri
es, generalized problem (i.e., a pair of general matri
es)GT general tridiagonalHB (
omplex) Hermitian bandHE (
omplex) Hermitian 27



HG upper Hessenberg matrix, generalized problem (i.e a Hessenberg and a triangularmatrix)HP (
omplex) Hermitian, pa
ked storageHS upper HessenbergOP (real) orthogonal, pa
ked storageOR (real) orthogonalPB symmetri
 or Hermitian positive de�nite bandPO symmetri
 or Hermitian positive de�nitePP symmetri
 or Hermitian positive de�nite, pa
ked storagePT symmetri
 or Hermitian positive de�nite tridiagonalSB (real) symmetri
 bandSP symmetri
, pa
ked storageST (real) symmetri
 tridiagonalSY symmetri
TB triangular bandTG triangular matri
es, generalized problem (i.e., a pair of triangular matri
es)TP triangular, pa
ked storageTR triangular (or in some 
ases quasi-triangular)TZ trapezoidalUN (
omplex) unitaryUP (
omplex) unitary, pa
ked storageWhen we wish to refer to a 
lass of routines that performs the same fun
tion on di�erenttypes of matri
es, we repla
e the �rst three letters by \xyy". Thus xyySVX refers to allthe expert driver routines for systems of linear equations that are listed in Table 2.2.The last three letters ZZZ indi
ate the 
omputation performed. Their meanings will beexplained in Se
tion 2.4. For example, SGEBRD is a single pre
ision routine that performsa bidiagonal redu
tion (BRD) of a real general matrix.The names of auxiliary routines follow a similar s
heme ex
ept that the 2nd and 3rd
hara
ters YY are usually LA (for example, SLASCL or CLARFG). There are two kindsof ex
eption. Auxiliary routines that implement an unblo
ked version of a blo
k algorithmhave similar names to the routines that perform the blo
k algorithm, with the sixth
hara
ter being \2" (for example, SGETF2 is the unblo
ked version of SGETRF). A fewroutines that may be regarded as extensions to the BLAS are named a

ording to theBLAS naming s
hemes (for example, CROT, CSYR).And, �nally, on \Se
tion 2.4"xyyTRF: fa
torize (obviously not needed for triangular matri
es);
28



From BLAS man pages:SGEMM(l) BLAS routine SGEMM(l)NAME SGEMM - perform one of the matrix-matrix operations C :=alpha*op( A )*op( B ) + beta*C,SYNOPSISSUBROUTINE SGEMM ( TRANSA, TRANSB, M, N, K, ALPHA, A, LDA,B, LDB, BETA, C, LDC )CHARACTER*1 TRANSA, TRANSBINTEGER M, N, K, LDA, LDB, LDCREAL ALPHA, BETAREAL A( LDA, * ), B( LDB, * ), C( LDC, * )PURPOSESGEMM performs one of the matrix-matrix operationswhere op( X ) is one ofop( X ) = X or op( X ) = X',alpha and beta are s
alars, and A, B and C are matri
es,with op( A ) an m by k matrix, op( B ) a k by n matrixand C an m by n matrix.PARAMETERSTRANSA - CHARACTER*1. On entry, TRANSA spe
ifies the formof op( A ) to be used in the matrix multipli
ation as follows:TRANSA = 'N' or 'n', op( A ) = A.TRANSA = 'T' or 't', op( A ) = A'.TRANSA = 'C' or '
', op( A ) = A'.Un
hanged on exit.TRANSB - CHARACTER*1. On entry, TRANSB spe
ifies the formof op( B ) to be used in the matrix multipli
ation as fol29



lows:TRANSB = 'N' or 'n', op( B ) = B.TRANSB = 'T' or 't', op( B ) = B'.TRANSB = 'C' or '
', op( B ) = B'.Un
hanged on exit.M - INTEGER.On entry, M spe
ifies the number of rows ofthe matrix op( A ) and of the matrix C. Mmust be at least zero. Un
hanged on exit.N - INTEGER.On entry, N spe
ifies the number of 
olumns ofthe matrix op( B ) and the number of 
olumns of thematrix C. N must be at least zero. Un
hanged onexit.K - INTEGER.On entry, K spe
ifies the number of 
olumns ofthe matrix op( A ) and the number of rows of thematrix op( B ). K must be at least zero.Un
hanged on exit.ALPHA - REAL .On entry, ALPHA spe
ifies the s
alar alpha.Un
hanged on exit.A - REAL array of DIMENSION ( LDA, ka ),where ka isk when TRANSA = 'N' or 'n', and is m otherwise. Before entry with TRANSA = 'N' or 'n', theleading m by k part of the array A must 
ontainthe matrix A, otherwise the leading k by m partof the array A must 
ontain the matrix A.Un
hanged on exit.LDA - INTEGER.On entry, LDA spe
ifies the first dimension of A asde
lared in the 
alling (sub) program. When TRANSA= 'N' or 'n' then LDA must be at least max( 1, m), otherwise LDA must be at least max( 1, k ).Un
hanged on exit.B - REAL array of DIMENSION ( LDB, kb ),30



where kb isn when TRANSB = 'N' or 'n', and is k otherwise. Before entry with TRANSB = 'N' or 'n', theleading k by n part of the array B must 
ontainthe matrix B, otherwise the leading n by k partof the array B must 
ontain the matrix B.Un
hanged on exit.LDB - INTEGER.On entry, LDB spe
ifies the first dimension of B asde
lared in the 
alling (sub) program. When TRANSB= 'N' or 'n' then LDB must be at least max( 1, k), otherwise LDB must be at least max( 1, n ).Un
hanged on exit.BETA - REAL .On entry, BETA spe
ifies the s
alar beta. WhenBETA is supplied as zero then C need not be set oninput. Un
hanged on exit.C - REAL array of DIMENSION ( LDC, n ).Before entry, the leading m by n part of thearray C must 
ontain the matrix C, ex
ept whenbeta is zero, in whi
h 
ase C need not be set onentry. On exit, the array C is overwritten bythe m by n matrix ( alpha*op( A )*op( B ) +beta*C ).LDC - INTEGER.On entry, LDC spe
ifies the first dimension of C asde
lared in the 
alling (sub) program. LDCmust be at least max( 1, m ). Un
hanged onexit.Level 3 Blas routine.-- Written on 8-February-1989. Ja
k Dongarra,Argonne National Laboratory. Iain Duff, AERE Harwell. Jeremy Du Croz, Numeri
al Algorithms GroupLtd. Sven Hammarling, Numeri
al Algorithms GroupLtd.BLAS routine 16 O
tober 1992 SGEMM(l)31



8 A Step Forward: S
aLAPACKFrom S
aLAPACK homepage http://www.netlib.org/s
alapa
k\The S
aLAPACK proje
t was a 
ollaborative e�ort involving several institutions:� Oak Ridge National Laboratory� Ri
e University� University of California, Berkeley� University of California, Los Angeles� University of Illinois� University of Tennessee, Knoxvilleand 
omprised four 
omponents:� dense and band matrix software (S
aLAPACK)� large sparse eigenvalue software (PARPACK and ARPACK)� sparse dire
t systems software (CAPSS and MFACT)� pre
onditioners for large sparse iterative solvers (ParPre)Funding for this e�ort 
ame in part from DARPA, DOE, NSF, and CRPC."From S
aLAPACK (again) homepage http://www.netlib.org/s
alapa
k/s
alapa
k home(ok, it is some 
onfusing)\The S
aLAPACK (or S
alable LAPACK) library in
ludes a subset of LAPACK routinesredesigned for distributed memory MIMD parallel 
omputers. It is 
urrently writtenin a Single-Program-Multiple-Data style using expli
it message passing for interpro
es-sor 
ommuni
ation. It assumes matri
es are laid out in a two-dimensional blo
k 
y
li
de
omposition."This �rst paragraph has a lot of information:� Subset of LAPACK routines.� Distributed memory MIMD parallel 
omputers.� SPMD.� Expli
it message passing.� Matri
es data distribution!Most of the do
umentation (and mu
h of the 
ode) is like LAPACK. In fa
t, the \graphi
alview" of the S
aLAPACK sour
es and do
umentation is32



ScaLAPACK Documentation − Sources

Homepage wi th software ScaLAPACK User’s Guide

Hardcopy Book HTML BookAnd some \lawns" (LAPACK Working Note/s) and A LOT of papers.The oÆ
ial relationship among S
aLAPACK, LAPACK and BLAS is shown in the S
aLA-PACK homepage, whi
h 
an be summarized as
ScaLAPACK

  PBLAS

 BLAS BLACSAdded by S
aLAPACK� PBLAS.� BLACS.A little introdu
tion to \...two-dimensional blo
k 
y
li
 de
omposition..." Having a matrixand a 2-Dimensional array of pro
essors:
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67Reason: matrix fa
torization algorithms. Why does matrix distribution be
omes visibleto the user?What about an example?PSGETRF(l) ) PSGETRF(l)NAME PSGETRF - 
ompute an LU fa
torization of a general M-by-Ndistributed matrix sub( A ) = (IA:IA+M-1,JA:JA+N-1) usingpartial pivoting with row inter
hangesSYNOPSISSUBROUTINE PSGETRF( M, N, A, IA, JA, DESCA, IPIV, INFO )INTEGER IA, INFO, JA, M, NINTEGER DESCA( * ), IPIV( * )REAL A( * )PURPOSEPSGETRF 
omputes an LU fa
torization of a general M-by-Ndistributed matrix sub( A ) = (IA:IA+M-1,JA:JA+N-1) usingpartial pivoting with row inter
hanges. The fa
torizationhas the form sub( A ) = P * L * U, where P is a permutation matrix, L is lower triangular with unit diagonal ele-ments (lower trapezoidal if m > n), and U is upper triangular (upper trapezoidal if m < n). L and U are stored insub( A ).This is the right-looking Parallel Level 3 BLAS version ofthe algorithm. 34



Notes=====Ea
h global data obje
t is des
ribed by an asso
iateddes
ription ve
tor. This ve
tor stores the informationrequired to establish the mapping between an obje
t element and its 
orresponding pro
ess and memory lo
ation.Let A be a generi
 term for any 2D blo
k 
y
li
ly distributed array. Su
h a global array has an asso
iateddes
ription ve
tor DESCA. In the following 
omments, the
hara
ter _ should be read as "of the global array".NOTATION STORED IN EXPLANATION--------------- ---------------------------------------------------- DTYPE_A(global)DESCA( DTYPE_ )The des
riptor type. In this 
ase,DTYPE_A = 1.CTXT_A (global) DESCA( CTXT_ ) The BLACS 
ontext handle,indi
ating the BLACS pro
ess grid A isdistribu- ted over. The 
ontextitself is glo- bal, but the handle (theinteger value) may vary.M_A (global) DESCA( M_ ) The number of rows in theglobal array A.N_A (global) DESCA( N_ ) The number of 
olumns inthe global array A.MB_A (global) DESCA( MB_ ) The blo
king fa
tor used todistribute the rows of the array.NB_A (global) DESCA( NB_ ) The blo
king fa
tor used todistribute the 
olumns of the array.RSRC_A (global) DESCA( RSRC_ ) The pro
ess row over whi
hthe first row of the array A is distributed. CSRC_A (global) DESCA( CSRC_ ) The pro
ess 
olumn over whi
h the first 
olumn of the array Ais distributed.LLD_A (lo
al) DESCA( LLD_ ) The leading dimension of35



the lo
al array. LLD_A >=MAX(1,LOCr(M_A)).Let K be the number of rows or 
olumns of a distributedmatrix, and assume that its pro
ess grid has dimension p xq.LOCr( K ) denotes the number of elements of K that a pro
ess would re
eive if K were distributed over the p pro
esses of its pro
ess 
olumn.Similarly, LOC
( K ) denotes the number of elements of Kthat a pro
ess would re
eive if K were distributed overthe q pro
esses of its pro
ess row.The values of LOCr() and LOC
() may be determined via a
all to the S
aLAPACK tool fun
tion, NUMROC:LOCr( M ) = NUMROC( M, MB_A, MYROW, RSRC_A, NPROW), LOC
( N ) = NUMROC( N, NB_A, MYCOL, CSRC_A, NPCOL). An upper bound for these quantities may be 
omputedby: LOCr( M ) <= 
eil( 
eil(M/MB_A)/NPROW )*MB_ALOC
( N ) <= 
eil( 
eil(N/NB_A)/NPCOL )*NB_AThis routine requires square blo
k de
omposition ( MB_A =NB_A ).ARGUMENTSM (global input) INTEGERThe number of rows to be operated on, i.e. thenumber of rows of the distributed submatrix sub( A). M >= 0.N (global input) INTEGERThe number of 
olumns to be operated on, i.e. thenumber of 
olumns of the distributed submatrixsub( A ). N >= 0.A (lo
al input/lo
al output) REAL pointer into thelo
al memory to an array of dimension (LLD_A,LOC
(JA+N-1)). On entry, this array 
ontains thelo
al pie
es of the M-by-N distributed matrix sub(A ) to be fa
tored. On exit, this array 
ontainsthe lo
al pie
es of the fa
tors L and U from thefa
torization sub( A ) = P*L*U; the unit diagonalele- ments of L are not stored.IA (global input) INTEGER36



The row index in the global array A indi
ating thefirst row of sub( A ).JA (global input) INTEGERThe 
olumn index in the global array A indi
atingthe first 
olumn of sub( A ).DESCA (global and lo
al input) INTEGER array of dimension DLEN_.The array des
riptor for the distributed matrix A.IPIV (lo
al output) INTEGER array, dimension (LOCr(M_A)+MB_A )This array 
ontains the pivoting information.IPIV(i) -> The global row lo
al row i was swappedwith. This array is tied to the distributedmatrix A.INFO (global output) INTEGER= 0: su

essful exit< 0: If the i-th argument is an array and the j-entry had an illegal value, then INFO =-(i*100+j), if the i-th argument is a s
alar andhad an illegal value, then INFO = -i. > 0: IfINFO = K, U(IA+K-1,JA+K-1) is exa
tly zero. Thefa
torization has been 
ompleted, but the fa
tor Uis exa
tly singular, and division by zero willo

ur if it is used to solve a system of equations.S
aLAPACK version 1.7 13 August 2001 PSGETRF(l)
37



9 Spe
i�
 Algorithms for Simple OperationsFirst: there are not 
omplex operations. However, the simplest (and most important?):matrix multipli
ation. Given A 2 IRm�kand B 2 IRk�nwhere the elements of matrix A are denoted asaij; 1 � i � m; 1 � j � kand the elements of matrix B are denoted asbij; 1 � i � k; 1 � j � nmatrix C 2 IRm�nwith elements denoted as 
ij; 1 � i � m; 1 � j � nfrom the multipli
ation C = A�Bis de�ned by 
ij = kXr=1 aikbkjIf m = n = k, the number of 
oating point operations is O(n3). Furthermore, the exa
tnumber of 
oating point operations, flopsMM , isflopsMM = 2n3 � n2having square matri
es of order n. The general parallel matrix multipli
ation algorithms:� For multipro
essors (shared memory parallel 
omputers).� For multi
omputers (distributed memory parallel 
omputers).� For Clusters!9.1 Matrix Multipli
ation on Multipro
essorsThe simplest
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With re
ursion
Multiplication
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Addition B
10

mat_mul(A, B, C, s) /* C = A×B */
/* A, B: operands */
/* C   : result */
/* s   : matrices (square) size */
{
   if (sequential multiplication)
   {
      C = A×B;
   }
   else
   {
      mat_mul(A

00
, B

00
, C0

00
, s/2);   /* (1) */

      mat_mul(A
01
, B

10
, C1

00
, s/2);   /* (2) */

      mat_mul(A
00
, B

01
, C0

01
, s/2);   /* (3) */

      mat_mul(A
01
, B

11
, C1

01
, s/2);   /* (4) */

      mat_mul(A
10
, B

00
, C0

10
, s/2);   /* (5) */

      mat_mul(A
11
, B

10
, C1

10
, s/2);   /* (6) */

      mat_mul(A
10
, B

01
, C0

11
, s/2);   /* (7) */

      mat_mul(A
11
, B

11
, C1

11
, s/2);   /* (8) */

   }
   C

00
 = C0

00
 + C1

00
;

   C
01
 = C0

01
 + C1

01
;

   C
10
 = C0

10
 + C1

10
;

   C
11
 = C0

11
 + C1

11
;

}Is C00 = C000 + C100?C00 C01
00 
01 
02 
03
10 
11 
12 
13
20 
21 
22 
23
30 
31 
32 
33C10 C11 = A00 A01a00 a01 a02 a03a10 a11 a12 a13a20 a21 a22 a23a30 a31 a32 a33A10 A11 x B00 B01b00 b01 b02 b03b10 b11 b12 b13b20 b21 b22 b23b30 b31 b32 b33B10 B1139



C000 = A00 x B00C100 = A01 x B10C000 = a00b00 + a01b10 a00b01 + a01b11a10b00 + a11b10 a10b01 + a11b11C100 = a02b20 + a03b30 a02b21 + a03b31a12b20 + a13b30 a12b21 + a13b31Thus, C000 + C100a00b00 + a01b10 + a02b20 + a03b30 a00b01 + a01b11 + a02b21 + a03b31a10b00 + a11b10 + a12b20 + a13b30 a10b01 + a11b11 + a12b21 + a13b31Important: this is blo
k pro
essing.Avoiding extra memory requirements and in
luding data dependen
e
mat_mul_sum(A, B, C, s) /* C = A×B + C */
/* A, B: operands */
/* C   : result */
/* s   : matrices (square) size */
{
   if (sequential multiplication)
   {
      C = A×B + C;
   }
   else
   {
      mat_mul_sum(A

00
, B

00
, C

00
, s/2);   /* (1) */

      mat_mul_sum(A
01
, B

10
, C

00
, s/2);   /* (2) */

      mat_mul_sum(A
00
, B

01
, C

01
, s/2);   /* (3) */

      mat_mul_sum(A
01
, B

11
, C

01
, s/2);   /* (4) */

      mat_mul_sum(A
10
, B

00
, C

10
, s/2);   /* (5) */

      mat_mul_sum(A
11
, B

10
, C

10
, s/2);   /* (6) */

      mat_mul_sum(A
10
, B

01
, C

11
, s/2);   /* (7) */

      mat_mul_sum(A
11
, B

11
, C

11
, s/2);   /* (8) */

   }
}Strassen's Method (works? 
op 
ount?)
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9.2 Matrix Multipli
ation on Multi
omputersOn distributed memory parallel 
omputers: basi
ally Cannon & Fox. However,
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Cannon: relo
ation and shifts
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Three dimensions and more: DNS (data repli
ation)
   a) Processors identification.           b) Distribution of columns of A.        c) Broadcast by Planes.
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0209.3 Matrix Multipli
ation on ClustersSome previous work �rst, whi
h is based on previous algorithms for multi
omputers.Later, the spe
i�
 proposal for (Ethernet-inter
onne
ted) 
lusters.9.4 Matrix Multipli
ation Already Proposed for DMPC (andClusters)PUMMA-SUMMA-DIMMA (MMA: Matrix Multipli
ation Algorithm). SUMMA: S
al-able Universal MMA, almost dire
tly used in S
aLAPACK. Taking into a

ount \two-dimensional blo
k 
y
li
 de
omposition" is losely based on Fox's algorithm and loselyresembling Cannon's algorithm data 
ommuni
ation pattern. Data distribution:
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67SUMMA in pseudo
ode (assuming k is the \
ommon" index, 
olumns of A and rows ofB) without blo
king:for(i = 0; i < k ; i++){ Send k-th 
olumn of A in a row broad
astSend k-th row of B in a 
olumn broad
astMultiply k-th 
olumn by k-th row}whi
h uses broad
asts as Fox's algorithm.The iterations on pro
essor 0:�!Broad
asts0 b00 b02 b04 b06a00 
(0)00 
(0)02 
(0)04 
(0)06a30 
(0)30 
(0)32 
(0)34 
(0)36a60 
(0)60 
(0)62 
(0)64 
(0)66 �!Broad
asts1 b10 b12 b14 b16a01 
(1)00 
(1)02 
(1)04 
(1)06a31 
(1)30 
(1)32 
(1)34 
(1)36a61 
(1)60 
(1)62 
(1)64 
(1)66�!Broad
asts2 b20 b22 b24 b26a02 
(2)00 
(2)02 
(2)04 
(2)06a32 
(2)30 
(2)32 
(2)34 
(2)36a62 
(2)60 
(2)62 
(2)64 
(2)66 �!Broad
asts3 b30 b32 b34 b36a03 
(3)00 
(3)02 
(3)04 
(3)06a33 
(3)30 
(3)32 
(3)34 
(3)36a63 
(3)60 
(3)62 
(3)64 
(3)66�!Broad
asts4 b40 b42 b44 b46a04 
(4)00 
(4)02 
(4)04 
(4)06a34 
(4)30 
(4)32 
(4)34 
(4)36a64 
(4)60 
(4)62 
(4)64 
(4)66 �!Broad
asts5 b50 b52 b54 b56a05 
(5)00 
(5)02 
(5)04 
(5)06a35 
(5)30 
(5)32 
(5)34 
(5)36a65 
(5)60 
(5)62 
(5)64 
(5)66�!Broad
asts6 b60 b62 b64 b66a06 
(6)00 
(6)02 
(6)04 
(6)06a36 
(6)30 
(6)32 
(6)34 
(6)36a66 
(6)60 
(6)62 
(6)64 
(6)66 �!Broad
asts7 b70 b72 b74 b76a07 
(7)00 
(7)02 
(7)04 
(7)06a37 
(7)30 
(7)32 
(7)34 
(7)36a67 
(7)60 
(7)62 
(7)64 
(7)66And this is the �nal result.(1) Fo
using on granularity and lo
al pro
essing performan
e, matrix blo
ks or subma-tri
es are used instead of single elements: xij ! Xij . It is not very 
lear how to de�neblo
k size (
ombination of lo
al 
omputing performan
e and granularity).44



(2) Fo
using on stati
 inter
onne
tion networks (
lassi
al on traditional multi
omputers),broad
asts are not easily implemented (poor performan
e is expe
ted a priori). Broad
astsare transformed into (and the whole algorithm) multiple and pipelined point-to-pointmessages through the ring of 
olumns or rows.
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1whi
h resembles Cannon's algorithm.(3) Fo
using on delays produ
ed by the e�e
t of pipelining (note the time at whi
hthe �rst 
olumn of pro
essors 
ould send the �rst message of it's se
ond and third 
ol-umn blo
k), the 
on
ept of LCM(P, Q) (Least Common Multiple) is used in DIMMA(Distribution-Independent MMA) and P/Q ratio. DIMMA also de�nes expli
it algorith-mi
 rearrangements depending on kopt and kb (whi
h is the �rst one in re
ognizing thereis a di�eren
e).An this algorithm is used in S
aLAPACK (PBLAS, more spe
i�
ally).
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10 Trabajos, Areas AbiertasPara Empezar por alguna parte, material introdu
torio:� Anderson T., D. Culler, D. Patterson, and the NOW Team, \A Case for Networksof Workstations: NOW", IEEE Mi
ro, Feb. 1995.� R. Buyya Ed., High Performan
e Cluster Computing: Ar
hite
tures and Systems,Vol. 1, Prenti
e-Hall, Upper Saddle River, NJ, USA, 1999.� R. Buyya Ed., High Performan
e Cluster Computing: Programming an Appli
a-tions, Vol. 2, Prenti
e-Hall, Upper Saddle River, NJ, USA, 1999.Espe
���
amente para los trabajos �nales del 
urso:� Los que ya tienen proye
to de pro
esamiento paralelo/distribuido que involu
ra
lusters: dimensionar un subproye
to.� En todos los 
asos: un subproye
to. Algo que fun
ione y que se pueda medir/evaluardesde alg�un punto de vista.� Areas abiertas de investiga
i�on.10.1 PosibilidadesVarios niveles de abstra

i�on/
omplejidad en varios niveles de los 
lusters 
omo 
omputa-doras paralelas:
Workstation

Comm. Soft. (OS)

Comm. Hard. (OS)

Red de Interconex ión

Middleware − SSI

Workstation

Comm. Soft. (OS)

Comm. Hard. (OS)

RMS

Aplicaciones 
Paralelas

Aplicaciones 
Secuenciales

Workstation

Comm. Soft. (OS)

Comm. Hard. (OS)

Red de Interconex ión

MPI − PV M

Workstation

Comm. Soft. (OS)

Comm. Hard. (OS)

Aplicaciones 
Paralelas
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� A nivel de RMS: Condor, manejadores de 
olas, sistemas operativos \para 
lusters",et
.� A nivel de middleware-SSI: sistemas operativos \para 
lusters", quiz�as alg�un aspe
tode DSM, et
.� High Availability - Repli
a
i�on: quiz�as RMs, quiz�as SSI, et
.� A nivel de apli
a
iones paralelas: desde herramientas de debugging hasta paraleli-za
i�on de apli
a
iones.� A nivel de 
omuni
a
iones: mu
has 
osas, 
on bastante 
omplejidad y niveles deabstra

i�on.Algunos temas relativamente gen�eri
os, sobre los 
uales se pueden de�nir algunos proye
-tos y/o subproye
tos:� Condor.� OSCAR.� Evalua
i�on de Rendimiento: Linpa
k.� Debugging y Optimiza
i�on de una Apli
a
i�on Paralela.� Espe
���
o: migra
i�on de pro
esos.� Otros.Sobre Condor:� Des
rip
i�on de laDo
umenta
i�on.� Instala
i�on.� Ejemplo de utiliza
i�on/aprove
hamiento.� >Trabajos paralelos?� >Monitoriza
i�on (
arga) de la red?� Demostra
i�on de migra
i�on.� Otras 
ara
ter��sti
as.
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Sobre OSCAR (Open Sour
e Cluster Appli
ation Resour
es):� http://os
ar.sour
eforge.net/� os
ar-users�lists.sour
eforge.net� The Open Cluster Group http://www.open
lustergroup.org/� Objetivos - Instala
i�on.� Instala
i�on.� Ventajas - Desventajas.� Requerimientos (hardware - software).� Re
ursos que maneja y 
�omo.Sobre Evalua
i�on de Rendimiento: Linpa
k� Des
rip
i�on de la Do
umenta
i�on.� Instala
i�on.� Fun
ionamiento.� Analizar sobre uno o m�as 
lusters.� Comparar 
on TOP500.� Como para enviar a TOP500.Sobre Debugging y Optimiza
i�on de una Apli
a
i�on Paralela: XMPI� http://www.lam-mpi.org/software/xmpi/� Des
rip
i�on de objetivos.� >Trazas, breakpoints, variables?� Ejemplo de uso - Manual del usuario.� Metodolog��a de debugging y optimiza
i�on (ej.).� Evaluar overhead.
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Sobre Che
kpoint and Restart:� En entorno Linux.� Ejemplo de Condor.� Restri

iones.� Bibliote
a - Runtime.� Ejemplo de instala
i�on - utiliza
i�on.� Toleran
ia a fallas-restart de 
omputadoras.� Manual de referen
ia - usuario.Sobre Inter
luster:� Posibilidades.� Motiva
iones.� Contexto de propuestas.� <Hagamos algo!Sobre Comuni
a
iones:� Overhead de 
apas (software).� A
knowledgements (software).� Hardware.� Otros.
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